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ABSTRACT

Let B(p) and B(g) be Bernoulli shifts on {0,1,...,d ~ 1}2. If h(p) >
h(q), it is a classical theorem of Sinai that there is a factor map taking
B(p) to B(g). If, in addition, p stochastically dominates g, we can ask
whether there is such a factor map ¢ which is monotone: ¢(z); < z; for
each coordinate ¢ of almost every point x. Here we show that there is a
monotone finitary code from B(p) to B(q) in the case where B(q) is a
shift on two symbols.

1. Introduction
Let p = (po,p1,---,Pa—1) and ¢ = (qo, q1, - - - , g4—1) be probability vectors, which
define a probability measure on the set A = {0,1...,d — 1}. Let B(p) =
(X, A, 1, T) and B(q) = (Y,B.v,T) be the Bernoulli shifts defined by p and ¢,
with
X =Y = A%
A = B = product o-algebra on AZ,
T = left shift on A%,
p=pt v=g.
A factor map from B(p) to B(q) is a map ¢: X ~» Y which is
e measure-preserving: p(¢~*(B)) = v(B) for all B € B, and
o commutes with the dynamics: ¢o T = T o ¢ almost surely.
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There is a standard partial ordering on A%, with z > y if 2; > y; for each
coordinate ¢ € Z. We are interested here in the existence of factor maps ¢ from
B(p) to B{(g) which have the special property that for z € X, ¢(z) < z almost
surely. Such a map ¢ is called a monotone factor. For example, suppose we
have two coins. The first one is a fair coin and so turns up a 1 with probability
1/2 and a 0 otherwise. The second coin turns up a 1 with probability 1/4 and
a 0 otherwise. A typical two-sided sequence of tosses for the first coin will have
more 1’s than a typical sequence of tosses for the second coin. Here we show
that we can take a typical sequence for the first coin and choose to turn some of
the 1’s to 0’s, in a deterministic and shift-equivariant fashion, so that the result
is a typical sequence for the second coin, almost surely.

Of course, some assumptions are necessary for the existence of monotone
factors. First, for any factor to exist from B(p) to B(q), much less a monotone
one, B(p) must have at least as much entropy as B(q): h(r) > h(v), where for
Bernoulli shifts,

d—1
h(u) = h(p) == pilogp; and h(v) = Z‘h log g;.

=0

It is a classical theorem of Sinai [5] that whenever h(u) > h(v), there is a factor
map from B(p) to B{q).

The second necessary condition for the existence of such a monotone factor
is that u stochastically dominates v, which we now define. A coupling ~
of two measures (X3,01) and (X2,02) is a measure on X; x X5 such that the
marginal measures are oy and os:

o1(-) = (- x X2), 0aa(-) =v(X1 x ).

Coupling is a term from probability. In ergodic theory, the more usual notion
is that of a joining. A joining of two dynamical systems (X;,01,T7) and
(Xq,09,T3) is a coupling of g; and o9 which is invariant under the product
map Ty X 15 acting on X; x Xo.

If there is a partial ordering > defined on X; U X2, then a coupling v of o3
and oy is monotone if

Y({(#1,%72): 71 > 22}) = 1.

We say that p stochastically dominates v (i % v) if there is a monotone coupling
of p and v. If ;4 and v are preserved by maps T and T respectively, the
existence of a monotone coupling of the measures implies the existence of a
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monotone joining of T7 and T5; just average the monotone coupling over orbits
Of]])(]b.

Example 1.1: For p and g probability measures on A = {0,...,d— 1}, p = ¢
exactly when

d—-1 d—1
(1) Sopi>Y g foralli=0,....d~1.
=3 =7

It is clear that this is a necessary condition for the existence of a monotone
coupling of p and ¢. To show that (1) is sufficient to imply p > ¢, we give a
coupling of the two measures. For¢=0,...,d—1,let r; = Z?;il p; and s; =
}:?;il g;- Define a measure v on A x A by

(2, 7) = €((ra1,75) N (S541,85))

where ¢ is Lebesgue measure. By (1), v is a monotone coupling of p and q.
This construction works for any discrete space with a total ordering. Strassen’s
1965 paper [6] gives a related characterization of stochastic domination in more
generality.

Any monotone factor map ¢ between two dynamical systems gives a mono-
tone coupling (in fact, a monotone joining): ¥(Cy x Cy) = 61(Cy N $~1(C2)).
Therefore, it is necessary to the existence of a monotone factor from B(p) to
B(q) that p > v. It is easy to see that u = v if and only if p ¥ ¢.

The factors we construct here will have the stronger property of being fini-
tary codes. A finitary code is a measure-preserving factor between symbolic
systems on a sequence space A% which is, up to sets of measure zero, continu-
ous in the natural product topology on this space. Equivalently, a factor map
¢: AZ — AZ is finitary if for almost every = € AZ, there is an integer N = N(x)
such that for any ' with (z_n,...,zn) = (2L N.....Th), (#(2))o = (¢(2'))o.

The main theorem in this paper is the following.

THEOREM 1.2: If ¢ is supported on two symbols and
h(p) > h(q),
pFq,
then there exists a finitary code ¢: B(p) = B(q) which is monotone.

Note that we have weakened the necessary condition h(p) > h(q) to h(p) >
h{g). Our theorem also only applies to cases where B(q) has only two symbols.
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This is a technical requirement which is there because when there are more
symbols, the structure of the partial order < on A% becomes too complicated
for our argument, though there seems to be no inherent reason that Theorem
1.2 should not hold for systems with larger alphabets.

To illustrate the point that the two-symbol assumption does not seem to be
necessary, we include in Section 8 the proof of a theorem of which the following
is a special case.

THEOREM 1.3: If q is any probability vector which gives probability 1/n to
each of n symbols, then for any p with

h(p) > h(q) = logn,
D= q,

there is a finitary code ¢: B(p) — B(q).

In [2], Keane and Smorodinsky prove that there exists a finitary code from
B(p) to B(q) whenever the entropy constraint is satisfied. Our proofs will follow
their outline, but new ideas are needed to get the monotonicity result. They
have also shown [3] that there is an invertible finitary code from B(p) to B(q)
whenever h(p) = h(q).

The question of whether there exists a monotone factor from B(p) to B(q)
when h(p) > h(g) and p > q was posed by Russ Lyons. Yuval Peres and Alexan-
der Holroyd have asked the related question of whether there exists a monotone
factor from a Poisson process with rate A to another Poisson process with rate
M whenever A > ). In this case there is no entropy constraint because Pois-
son processes have infinite entropy. This question is answered positively in [1].
These questions are interesting in that they combine the interests of proba-
bilists in monotone couplings (which have been used in studying percolation,
for example) and the ideas of factors and finitary factors from ergodic theory.

2. Markers and skeletons

In this section, we set up some notation and outline the construction of our
factor map ¢. We begin by introducing the notion of markers in B(p). Markers
define for us boundaries between finite segments in our sequence space X, which
is useful since we want ¢ to be a finitary code. For the rest of the paper (except
the last section), p and g are probability vectors on A with p 3= ¢, h(p) > h(q),
and ¢ supported on exactly two symbols.
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Remark 2.1: We will assume that po,p1, o, q1 > 0. These assumptions reduce
the notation but are not necessary. The same argument will work if the roles
of 0 and 1 in B(q) are played by ig < i1, the two nonzero entries of ¢, and the
roles of 0 and 1 in B(p) are played by any jo and j; in A with p;,,p;; > 0.

Fix an integer k > 0. The precise choice of k will be done later. A marker
for B(p) is a block
M =0*"11=0,0,...0,1.
N’

2k-1

Since ¢ will be monotone, ¢ must take any marker to either 0%* or 02*~11. In
the more general case mentioned in Remark 2.1, there may be many possible
monotone images for a marker sequence. In [2], the finitary code was con-
structed so that the word M always mapped to M. The restrictions imposed
by monotonicity make it more convenient for us to allow all possible monotone
images of markers.

Define a skeleton for B(p) to be a sequence of the form

Mno Mnl . Mnf,—l Mn:
(2) ‘
where n, < min(ng,n;) for 1 <r <t-1.
Here, stands for a stretch of the process with no markers. A skeleton s’ is

said to be a subskeleton of a skeleton s if

(3) s=M™ M™ Mre-1 M™

e Ve e
h l2 b1 le

and there exist 0 < r < v’ <t such that

s'=M"™ Mrr+ M,
—— ——
Ly L

Two subskeletons are said to be disjoint if they overlap at most in markers.
A subskeleton s’ is maximal in s if there does not exist a subskeleton s” with
s' C s C s. By the definition of a skeleton, either s has no proper subskeletons,
or else it is covered by its maximal subskeletons, which are all disjoint.

Following Keane and Smorodinsky, we also inductively define an order on
skeletons. A skeleton has order one if it has no proper subskeletons. A skeleton
is of order n if it is not of order less than n but all of its proper subskeletons
are of order less than n. It is not difficult to see that this notion is well-defined.
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Let A} denote the set of words of length | with symbols from A which do not
contain a marker M. The space of all possible words filling in a skeleton s with
structure

M™e M n v Mnt—l

S~ S S S~
I la lt-1 ls

M™

will be
F(s) := Af)l X M™ x ... X% Af)" x M™.

Such words are called fillers for s. Note that the markers are included in F(s)
for 1 < ¢ < t, but the initial markers are not included; this is because these
will be in the end markers for the previous skeleton. The space of fillers for s
in B(q) is then the set of all words dominated under the partial order by some
g € F(s):

F(s) := Al x (0271 x {0,1})™ x -+ x A" x (0271 x {0,1})™.

Elements of F(s) are also called fillers.

We now briefly outline how the code will be constructed. To each point
in z € B(p), we can associate an increasing sequence of recursively-defined
skeletons as follows:

o Let si(z) be the smallest skeleton in = containing the zeroth coordinate
in its interior (i.e. not in one the marker sequences at either end of the
skeleton).

o Once s;(z) has been defined, let s;11(x) be the next-smallest skeleton in
x containing s;(x) in its interior.

It is clear that this whole sequence of skeletons exists for a point with probability
one. Also note that when this sequence exists, each coordinate is covered by all
s¢(z) with ¢ sufficiently large.

For each skeleton s, F(s) is the set of all possible words in B(p) that can fill
in the skeleton. F(s) is the set of possible images for elements of F(s) under
a monotone map. As in [2], we will use a marriage lemma which allows us to
define partial maps from a subset of F(s) to F(s). Once the image of some
g € F(s) is fixed, the extension of ¢ in a higher-order skeleton containing s as
a subskeleton will be assigned the same image on s, so that values cannot be
changed at a later stage of the construction.

We prove that these choices may be made in a monotone way. Our method
for defining the partial maps of fillers is similar to that used in [2]. However, our
work includes new ideas to deal with the fact that we have to be careful with the
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points where the partial map is not defined in order to ensure that a monotone
image for these points will be available at a later stage of the construction.

We define ¢ as follows. The point z has a certain filler for s;(z). If that filler
has an image defined by the marriage lemma, then that image gives the value
of ¢(x) on sy, including the value at zero. Otherwise, one looks at s3(x), s3(z),
and so on until the image of the filler is defined. The construction is such that
the image of the filler for s;(x) will exist for ¢ sufficiently large, almost surely.
For all ¢ for which the image exists for z, the image will give the same value
for ¢(x)o. Such a procedure must result in a code which is finitary and which
commutes with the shift map. It is also simple given the construction to show
that the image of ¢ is indeed B{g).

3. Societies

The partial maps we define from F(s) to F(s) will be defined using a marriage
lemma, Lemma 6.2, which is adapted from the one used in [2]. In this section,
we give the relevant definitions to formulate and prove this lemma. We start by
defining societies.

Let (U, p), (V, 0) be finite measure spaces with U a finite set. In keeping with
the usual terminology of a marriage lemma, the elements of U will sometimes
be referred to as boys and the elements of V are girls. In this paper, boys will
be elements of F(s) (or a subset of F(s)) for some skeleton s and girls will be
elements of F(s) (or a subset thereof). The measures we will use on these spaces
will be given in Section 4.

A society from (U, p) to (V, ) is amap S: U — 2" such that for any B C U,

p(B) <o(S(B)) where S(B) = | J S(b).
beB

A society R is a refinement of S (R C S) if R(b) C S(b) forall b e U. A
society S is monotone if there is a partial order < defined on UUV and b < ¢
for all g € S(b).

There is a relationship between societies and couplings which we will exploit.
This relationship is given by the following remark and lemma, which can be
found in Section 6.5 of Petersen’s book, [4].

Remark 3.1: Any coupling of two probability measures on finite sets U and V
gives rise to a society, as follows. Let -y be a coupling of (U, p) and (V,0). Then
we can define a map S, : U — 2V by

Sy(b) ={g €V :v(b,g) > 0)}.
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Then for any B C U,
p(B) =v(Bx V)
=Y ) abg< ). D b
bEB €S, (b) 9€S,(B) beU
=7(U x S4(B)) = o(S,(B))-

Therefore, S, is a society. The following lemma gives a partial converse for this
fact. See Petersen [4] for the proof.

LEMMA 3.2: For any society S from (U, p) to (V,0), there is a coupling v of p
and o such that S, is a refinement of S.

Because of these results, we can alternate between societies and couplings de-
pending on which is more useful, so long as we are willing to pass to refinements
of societies.

The following lemma shows that the product of two societies is also a society.
Of course, this implies that the product of n societies is also a society. The
proof is trivial.

LEMMA 3.3: Let S; be a society from (U;,p;) to (Vi,0;) for i = 1,2. Then
the map S(by,bz) = S1(b1) X S2(be) is a society from (U; x Ua,p1 X p3) to
(V1 x Vo, 01 X 03).

4. A special coupling

Let s be a skeleton. Our object in this section is to construct a society from
F(s) to F(s) (we leave the measures unspecified for the moment) which is
1. monotone and
2. controls how often certain “good” and “bad” boys in F(s) are allowed to
relate to the same girls in F(s).
These societies will be defined by a special coupling v of 1 and v, which we now
define.

To make v, we will couple the coordinates independently one at a time near
the ends of markers in order to ensure that the coupling is independent on
disjoint skeletons. Between markers, we want to try to reduce the number of
girls each boy can couple to. To accomplish these two goals, v is defined using
two couplings, # and ¥, of y and v restricted to finite intervals.

Let 7 be a monotone coupling of p and ¢q. Then a natural monotone coupling
of B(p) and B(q) can be formed by taking = = [],.; 7. However, this coupling
does not adequately control how many boys a girl will know.
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The second coupling we define, ¥, will give us this control. ¥ is a monotone
coupling of B(p) and B(q) restricted to a window of length k, where 2k is the
length of a marker. First, partition A* into sets

L, = {b€ A* : b has exactly a symbols > 1} for0<a<k.
Let 2 and 7 be the measures induced by p and v on {L,}o<.<k respectively.
We give an explicit coupling v* of & and 7. Consider
l=ro>ry> - >rg1 =0 wherer, = @({Ly: a’ > a}),
1=s89>8 > >sp41 =0 where s, =({Lg:a >a}).

Now let ¢ be Lebesgue measure and define
7*(La, La’) = e((ra-‘rla Ta) n (Sa’+1a Sa’))-

Clearly, v* is a coupling of & and #. Since p 3 ¢, if v*(Lg, Ly) > 0, thena > a'.

The coupling ¥ is now constructed by selecting the levels L, and L, from
v*, then making all other choices as independently as possible while assuring
monotonicity. Explicitly, for any pair (g,b) € A* x A,

7(g,0) = 7v*(L(9), L(6)) - ulg | L(g)) - v(b | L(B) N {b": ¥’ < g}).
where L(g) is the set L, such that g € L, and similarly for L(b).
LEMMA 4.1: ¥ is a monotone coupling of i and v on A* x AF.
Proof: 1t is clear that % is monotone. We just have to show that it has the
right marginal measures. The fact that the first marginal of ¥ is p is easy and

we leave it to the reader. We now prove that the second marginal measure of ¥
is v. Let b € {0,1}* with L(b) = L;. Then

WAExb) = 37 7 (g | L(g)) - v(b | L) N {b": b < g})
gEAK
k
) =2 7" (L Ly) Z u(g | Lw(d | L0 (W0 < g})
(5) _27 (Li, Ly) () n({g: 9 > b} | Ly)
_ kE—4\ (k)"
o Hrea() ()0
@ = 27*(LivLj)V(b | Lj) = v(L;)v(b | L;) = v(b).

1=j
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Note that to go from (4) to (5) and from (6) to (7) above, we used the fact that
all words in the set L; have the same measure under v, which follows from the
two-symbol assumption for q. [ ]

The main property of 7 that we will use is that if a,a’ are sufficiently far
apart, then {g: (g x Lg) > 0} N {g: 5(g X La) > 0} = 0. In other words, if S5
is the society from (A¥,v) to (A%, u) given by 7, then any two boys with b € L,
and b’ € L, will know no girls in common under S5. This property is formally
stated in the next lemma.

LEMMA 4.2: For any 1 < n* <k, if we set
a* =a*(n*) = max{a: v*(Ln~, L,) > 0},
then for any a < a* < d,

Sf‘y(La) n S’Y(La’) =0.

Proof: This follows immediately from the construction. If a < a* < o, then
S(L,) C Ungn* Ly and S(La) CUpsns In 1

We use 7 and 7 to define a joining v between B(p) and B{g). Generate a
sequence of pairs of random variables Z;, Z,, ..., with each Z; taking values in
A x A as follows. Let the vector (Z1,...,Z;) be chosen from the distribution
7. Independently choose (Znky1,...,Z(ny1)x) from 4 for n = 1,2,... until
an n is reached for which Z(,_1yx41 = -+ = Znx = (0,0) (so that n is the
first time a sampling from # results in all zeros). At this point, start choosing
Zoki1, Znk42, - - - independently from 7. Do this until the first time the first
coordinate of Z; is at least one. Return to generating {Z;;1,..., Zizx), from
% and so on. Continue to oscillate between generating the Z; from % and 7 as
1 — 00.

Let 4 be the distribution of Z1, Zs, ..., which is clearly a coupling of B(p)
and B(q) on Z*. However, ¥ is not stationary, so let

o L
j = lim ~ ; T,
which will be stationary and in fact is an ergodic joining of B(p) and B{g) on
Z*. Finally, let v be the natural extension of 4 to an ergodic joining of B(p)
and B(q) on all of Z.

From the construction above, it is obvious that -y is a monotone joining of p
and v. We now show that « conditioned on its first coordinate has a convenient
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product structure. For an interval K = [i,7) and a point z € AZ let zx =
(i,...,25_1) € AF. For z € X, define a sequence K® = (..., K%, K& K¥,...)
of disjoint intervals of integers covering R:
L. If x;_0441,5) = M, then the interval [j + 1,5 + k] € K®.
2. If K; € K%, then we can find the length of K;14:
o for |K;| = k: |Kiy1| = k if 2k, # OF; otherwise, [K;y1] =1,
o for |K;| =1: |Kipa| = k if 2k, = 1; otherwise, |K;11| = 1.
Since a marker has the form 02711, any interval K € K containing the end-
point of a marker must have |K} = 1 and zx = 1, so a new interval of length
k must be started after the end of each marker and thus the sequence above
is well-defined. K* is then defined for g-almost every z and the intervals are
chosen in such a way that if {B; C A%/}, and B = {y € Y : yk: € By},
then

¥z x Bl xY) = [[(Qxz=r¥(zxs x B | zxs x AF)
8) i€z
+ 1jkz|=17(zKz X By | xgz x A)) as.

What this says is that on a k-segment K € K%, we always sample from ¥
conditioned on zx and on a l-segment K’ € K%, we sample from 7, given zx-.
All of these samplings are independent given z. This gives the product structure
above.

Similarly, an element g € F(s) gives a unique finite sequence of intervals
K9 = K¢, for any z|s = g. After the end of a marker, the coupling always
samples first from ¥, conditioned on z, so K9 always starts with a k-segment.

Now, let K be a finite sequence of intervals of length 1 or &, starting with an
interval of length &, which covers and is consistent with a skeleton s (excluding
its initial marker sequence). Let [ be the length of s, excluding its initial markers.

Define -
F(s,K):={ge€ A" g € F(s) and K¢ =K},

Yok () = v( | Fs,K) x F(s)),
F(s,K) :={be A : 3g € F(s,K) with v x(g,b) > 0}.
Then 7,k is a measure on F(s,K) x F(s,K). Set
pex () = u(- | F(5,K)) = 75,k (- x F(5,K)),
vek(*) =715k (F(s,K) x -).

Under this notation, v; k is a coupling of usk and vs k. It is an important
fact that if s;,...,s; are the maximal subskeletons of s and K; = K|,, for
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1=1,...,t, then by (8):

(9) Vs, K = V51, K1 X 0 X Ve K, -

Let Qs x = S, be the society given by v,k from (F(s,K),vsx) to
(F(s,K), s,k ), which is by definition monotone. We will apply our Marriage
Lemma to these societies to define ¢.

It is also important that us xk and v, x are disintegrations of y and v. More
explicitly, for z € X, let s(z) = {sgl)(ax)}tez be the sequence of order-one
skeletons covering Z defined by z. This sequence is defined almost surely. For
any interval I, write K*(I) = K*|;. Set

peoac = [l ey @4 @ = e e o
tEZ teZ
Since p is a product measure, we have p = [ ts(z),K=dp(z). The fact that v is
a coupling of y and v and (9) then imply that v = [ vy,) k=du(z). Partition
X into sets of the form

X(z) = {2’ € X : 5(z') = s(z) and K* = K®}.

If we can define a monotone map ¢x(,) from X(x) to Y which takes pig(z) k=
t0 Vs(z),k- almost surely, then #(z) = ¢x(s)(x) will be the desired monotone
factor. This is our aim.

5. Good and bad fillers

As in {2], we will distinguish between good (typical) fillers and bad fillers for a
skeleton s. However, because we are constructing a monotone code, we cannot
treat all bad boys alike. While making the partial assignments, we need to make
sure to leave enough space for all of the bad boys to get later assignments which
are monotone. This means that we cannot lump bad boys together indiscrimi-
nantly, because the sets of girls they can associate to are not the same. For this
reason, our definition of good and bad boys are more complicated than in [2].

Fix € > 0, to be chosen later. Qur choice of k sufficiently large, to be used
in the definitions of markers and 4, will then be made depending on e. The
parameters € and k will be used to define our sets of bad girls and boys.

Let s be a skeleton and K a set of intervals consistent with s. Let [ =
Z§=1(l¢ + 2kn;), the total length of s except for its initial markers. Partition
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K into four sets
K, = {A’i e K: IA’il = 1,|Ki+1| = 1},
K; = {Kz e K: IKZ' =1,K; ¢ Kl}7
K; = {K; € K: |K;| =k, |K;y1| = 1},
Ki = {K; € K: |K;j| = k,|Kiy1| = k}.

By the construction of K9, K = K9 determines gg for all K € K\ Ky:

F(s,K)={ge Al igx =0for K €Ky, gk =1for K € Ky,
(10) gr =0 for K € K3, gx € AF\ {0F} for K € K4}

Set | = k- (#K4), the number of coordinates of s covered by intervals K ¢ K
for which there is a choice for zx. Clearly, I < [ for all (s, K).
We say an element g € F(s,K) is a good filler or a good girl if

poxc(g) < 27PN,

The definition of a good boy in F(s, K) is more complicated, though it will be
related to the set of b € F(s, K) with v k (b) > 2~ (*(@+9!, Firgt we concentrate
on elements of {0,1}*. An atom in {0,1}* is called a k-segment. Let

H={be {0,1}*: v(b) < 27 @+aky

The points in H will form the core of the set of bad k-segments, which will in
turn be used to define bad boys b € F(s, K).

Let S5 be the society from ({0,1}*,v) to (4%, 1) induced by the coupling 7.
We want to make use of the nice properties of S5, and in particular Lemma 4.2,
to control how much boys in H and {0,1}* \ H can associate to the same girls
in AF,

Note that because of the two-symbol assumption on g, for some o,

Uase Lo if g0 >1/2,
H = @ if do = 1/2,
UaSa’ Lg, if go < 1/2

Let

3
il

. min{n: (L, x H) >0} if g > 1/2,
max{n: (L, x H) >0} if g <1/2,

. max{a: ¥(Lp+—1,L,) >0} if go > 1/2,
min{a: ¥(Ly»41,L,) > 0} if go < 1/2.

)
i
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We say that a k-segment b € {0,1}* is bad if it lies in the set
Uasar Im if g0 > 1/2,
B=1{90 if go = 1/2,
UaSa‘ Lm if go < 1/2
Clearly, H C B\ L,-.
Now if b € F(s,K), we say that b is a good boy if most of its k-segments are
not bad. Explicitly, b is a good boy if
#{K € K4: bx € B}
#{K ¢ K4}

< €.

Define B* C F(s,K) by

#{K € Ky:bx € B\ L,-} }
< €.
#{K € K4}
This set is important because, as we will see in the proof of Lemma 6.2, if
b € F(s,K) is bad and there exist a good boy &' € F(s,K) and a girl g € F(s,K)
such that ¢ € Q; x(b) N Qs x(V'), then b € B*. In other words, the boys in B*
are the only bad boys who know any girls in common with good boys under
Qs x. Along these lines, define

B* = {b: b is not a good boy but

U' = {be F(s,K): bis good} U B*.

In the rest of this section, we prove technical lemmas showing that the defi-
nitions above are reasonable; that most girls are good, that most k-segments
are good, that for most large skeletons, most boys are good boys, and that the
number of boys in U’ is not too large.

Recall that s;(z) C s2(z) C --- is a sequence of skeletons in r covering the
origin and with U;enst () covering Z, as defined in Section 2.

LEMMA 5.1: For all € > 0 and all k sufficiently large, for a.e. x € X, z|;, is a
good girl in F(sy(z), K|, (;)) when t is sufficiently large.

Proof: Fix z and for each t € Z, set sy, = s;(z), K(¢) = K*l,,, and 2, = z,,.
Then because the first marginal of ¥ is x and by (10),

paxm (@) = [ wlex | 45\ {0*}).
KeKs(t)
Choose k large enough so that

€

(1) ulg € A% plg) < 2O > 1 -
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which exists by the Shannon-McMillan-Breiman theorem. Then for £ large,

n({g € A*: plg) < 27(RD=/DRY | 4B\ {04)

—_——_——_— - k S —
>1 4max{1,h(p)} po > 1 2max{1,h(p)}

Almost surely, as t — 0o, #K,4(t) = co. When this is the case, the law of large
numbers implies that almost surely the proportion of K € Ky(t) with zx not
in the set defined in (11) is less than €/2 max{1, h(p)} for all ¢ sufficiently large.
For such values of ¢, we have

s, k(1) (%) < 9~ (p)—e/2)k(#Ka) (1—¢/(2max{Lh(p)})) < 9= (h(p)—€)l,

Thus for almost all x, if ¢ is sufficiently large then z; is a good girl in
F(se(), K(t)). @

LEMMA 5.2: For any € > 0, if k is sufficiently large then v(B) < e.

Proof: 1If o = 1/2, then v(B) = 0. We do the proof for the case where
go > 1/2. The case where go < 1/2 is similar. When ¢o > 1/2,

B:HULQ* ULa*+1U"'ULaI_1

where @' is the smallest integer with L,, € H. By the Shannon-McMillan—
Breiman Theorem, v(H) < €/2 for k sufficiently large.

By the definition of a* and n* and the construction of v*, either a* =a' — 1
or

V(La* U La*+1 U---u Lar_1)
= 7*((La* U "'ULa’—l) x (Ln* ULn*—l)) < N(Ln* ULn*—1)~

We need to show then that L,+ and L,-_; have small size under y and that
L.+ has small measure under v. Let f; = Zle p; be the probability under p
of being at least one and let pp =1 — p;. The set L, with largest size will have
either a = [p1k] or a = |p1k] since the number of symbols which are at least 1
in a k segment has a binomial distribution with mean $, k. Then for any n,

k\ _(k—n) n kN gk ok C
— < 2 1 <
1(Ln) (n)po Y <1 ) Po o< 70

where C is a constant depending on p and the last inequality follows from Stir-
ling’s formula. The same reasoning shows that v(Ls+) < C'/vk. Thus, as k —
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oo the maximum size of a level goes to zero and max{p(Lys U Lps—1),(Lq+)}
< ¢/2 for k sufficiently large. Therefore, v(B) < e. |

Next, we prove that for large skeletons, most boys are good.

LEMMA 5.3: For any e, if k is chosen sufficiently large, then for almost every z,

(12) Jim v, ()K=, ., ({0 € F(si(2), K®|s,(z)): b is good}) = 1.
Proof: Fix z and for each t € Z, set s; = s;(z) and K(t) = K®|;,. Under
Vs, K(¢), the values of b on each K € Ky(t) are i.i.d. with distribution
va(s) = (A% x - | (4 x 4%)\ {(0,0)%}).
We can estimate the size of the set B of bad k-segments:

4(A* x B)

ve(B) = 3(4* x B (4* x 4%)\ {(0,0)"}) < T=5({0,0F)

— lV(B)k since 7({(0,0)*}) = pk by monotonicity
— po

< e by Lemma 5.2 when k is large.

A boy b € F(s;, K(t)) is good when the fraction of K € K4(t) with bx € B is
less than e. Since the values of by are i.i.d. and the probability that bx € B is
less than ¢, the law of large numbers implies (12). 1

The last results in this section establish a bound on the number of elements
of U’ for most pairs (s, K). Since the definition of U’ depends only on the values
of boys on K4, we need to show that most of the time, s is mostly covered by

K;. We say that a pair (s, K) is good if I > (1 — €). In other words, if (s, K)
is good then K4 covers all but at most ¢ of the coordinates of s.

LEMMA 5.4: For all € > 0 and k sufficiently large, we have that for almost all
z € X, the pairs (s¢(z),K%|;,(s)) are good for all t sufficiently large.

Proof: By (10), for any K € K” with K ¢ K%, K is contained in an interval
I of length at least k£ + 1 such that z; = 0*1. For k large, this is an event with
probability less than €. Then by the ergodic theorem, the fraction of coordinates
iin s; with ¢ € K € K4 is almost surely at least 1 — ¢ for all ¢ sufficiently large.
|

We are now ready to estimate the size of U’ for good (s,K). Let heni(a) :=
—aloga — (1 — a)log(l — @) be the entropy function.
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LeEMMA 5.5: Let (s,K) be good with total length {. The number of boys in
U' C F(s,K) is at most 2H(h(@)+3ethent(€),

Proof: For any boy b € U’, the fraction of K € Ky with by € H C B\ L,- is
less than 1 — €. Recall that the definition of H is that it consists of all z € A*
with v(z) < 27-A@+9%  Therefore, there are at most 2(M@+9% clements in

A*\ H. Since (s,K) is good, K4 covers all but € of 5. Therefore, we have

|U’| < (6(9:::{4 )) 92elo(h(q)+e)l < 2(’1(4)+3e+hmt(e))l_,
4

where the last inequality follows from Stirling’s formula. ]

6. Assignments for fillers

In this section, we give the societies which will be used to define the partial
assignments for fillers at each stage of the construction of the finite code. These
societies are defined using a slight variation of the Marriage Lemma from [2].

Let S be a society from (U, p) to (V,0) and assume that U and V are both
finite sets. Let U’ C U. Define

mu (S) :=#{g € V:3by,by € U',by # b, with g € S(b) N S(b2)}.

When U’ = U, Keane and Smorodinsky call this number the promiscuity
number of S, which is written n(S), because it is the number of girls who
know more than one boy under S.

LEMMA 6.1: Let (U,p), (V,0) be finite measure spaces with U and V both
finite. Let S be a society from U to V and let U’ C U. Then there is a
refinement R of S such that my:(R) < |U’| — 1.

Proof: Take R to be a society more refined than S with 7(R) minimal. This
can be done since there are only finitely many societies from U to V.

A cycle is a sequence by, ...,b; of distinct boys and a sequence gy, ..., g; of
distinct girls such that for all 1 < j <¢,

g; € R(bj) N R(bj_H), with by = by.

In Theorem 11 of [2], it is shown that R has no cycles. For completeness we
include the proof, as given by Petersen in [4].
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Suppose there is a cycle in R. By the minimality of R, there is a coupling
A of o and p such that Sy = R. Let o = minj<j<¢ A(g;,b;) and define a new
coupling:

Mgjn b)) —a if g=g;,b=bj,
A"(g,b) = § Mgj,bj+1) +a if g=g;,b=0b;41,
Ag,b) otherwise.
Then A* is another coupling of ¢ and p, and the induced society has a smaller
promiscuity number than R. This gives a contradiction. Therefore, R has no
cycles.

Now, construct a graph whose vertices are the points in U’. Add an edge to the
graph between b and b’ whenever there is a g € V with g € R(b)NR('). A cycle
in this graph corresponds to a cycle in R, as defined above. Therefore, the graph
must be a forest (a graph with no cycles). A finite graph with no cycles and
|U’| nodes can have at most |U’| — 1 edges. This proves that 7y (R) < |U'| —1.
|

The following lemma is the main ingredient in the construction of the
monotone factor ¢, which is given in the next section.

LEMMA 6.2: If € is chosen sufficiently small and k is chosen to be large, then
the following holds. If (s,K) is good and R, x is a society which is a refinement
of Qs x(= S+, x), then there is a society Ps x C R, x such that

psx({g € F(s,K): g € P, x(b) for more than one b € F(s,K)})
< 2~ -RDV/DT Ly (1g: g is bad}) + vk ({b: b is bad}).

Proof: We assume here that ¢o > 1/2. The other case is similar. Let P, g
be a refinement of Ry x with my (Ps x) < |U’|, which is guaranteed to exist by
Lemma 6.1. Let g € F(s,K) be such that g € P, x(b) for exactly one boy b € U’
and also suppose that b is good. We will show that for all ¥’ # b, g ¢ Ps x (V).

Suppose g € Ps x(b) N P, k(b'). Since b’ ¢ U’, the fraction of K € K, with
by € B\ L~ is greater than € and so since b is a good boy, there must exist
K € K, with

(13)

bKGLaCA’“\B, soa <a* and
% € Ly C B\ L+, sod >a*.
By Lemma 4.2, Sy(bx) N S5(bx) = 0. Since R,k is a refinement of Qs k,
there is no possible choice for gx under 7, x and this provides a contradiction.
Therefore g lies in P; x (b) for exactly the one good boy b € F(s,K).
What this shows is that if g belongs to more than one P; kx (b) then either
o for all b with g € P; x(b), b is not good, or
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o there exist distinct b,8' € U’ with g € Ps x(b) N Py k(b'). The number of
such F' is controlled by Lemma, 6.1.
Girls g of the first type must lie in F (s, K)\ Ps x ({b: b is good}). Since Ps x
is a society,

ps K(F (5, K) \ Ps x({b: bis good})) < vg x({b: b is not good}).

By Lemma 6.1, there are less than |U’| girls g of the second type. Lemma 5.5

tells us that
|Ul| S 2(h(q)+3e+hc"t(6))l.

If g belongs P, k() for more than one b and is of the second type, then either
g is good, in which case us k(9) < 2Uh(P)=€) or else it is bad. Therefore,

ws k({9 € F(s,K): g belongs to more than one Ps x (b)})

< QM@ FSethendl D=t hE)~e) 4 1y, i ({g : g is bad}) + w5k ({b: b is bad})
< 27 H(=Oh(p)=hlg)—de=heni() ) (f9: g is bad}) + vs({b : b is bad})
< 2~ HMP=h@/2) L ) ({g: g is bad}) + vs({b: b is bad})

when € is small and % is large. |

We end this section by constructing the set of societies (one for each pair
(s,K)) which will give our finitary code. In order for our finitary code ¢,
explained briefly in Section 2, to be well defined we need to have consistency
in our choice of societies with higher-order skeletons, so that the definition of
¢ does not get changed at a later stage of the construction. In order to use
Lemma 6.2, we also want our societies to be minimal, in the sense that they
contain no proper refinements.

Define a system of societies P = (P; x)(s k) as follows. For each skeleton s
of order one and K covering s, let P; x be any minimal refinement of @, k. If
P; x has been defined whenever s is of order less than n, let s have order n and
take s1,...,8; to be its maximal subskeletons and let K; = K|, fori=1,...,¢.
Let P; x be any minimal society C Py, k, X --- X Ps, x,. Note that by (9),
Qs x = Qs K, X -+ X Qs, K, 1s itself a product society, and so P; x must be
a refinement of @, k. Thus, inequality (13) applies to all P; x where (s,K) is
good.

7. Construction of the finitary code

We now have all of the ingredients needed to prove our main theorem, stated in
Theorem 1.2.
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Proof of Theorem 1.2: Fix ¢ as in Lemma 6.2 and then k as in Lemmas 5.1-
5.4. Let P be the system of societies defined at the end of the last section. By
Lemma 5.1, for almost every z € X,

B prg, (2) K=, ) ({9 € F(8:(2), K5, (2)) : ¢ I8 mot good}) = 0.
By Lemma 5.3, for almost every x € X,
tlgrolo Vst(z)’Kllst(m)({b € f(st(j)’lest(m)) +b is not good}) = 0.

By Lemma 5.4, for a.e. z € X, (s¢(z), K*|,,()) is good for all ¢ sufficiently large.
Therefore by Lemma 6.2, for almost every =z,

10 Bim g, (2) Kol ) ({9 € F86(2), K, () :

g belongs to more than one P;, ;) k-(b)}) = 0.
For any = € X (z') where (14) holds, we can define our finitary code ¢. Write

g: and 7, for the first and last coordinates of s;(z) for all ¢. For any ¢ such that
the filler z; for s;(z) lies in a unique P;,(z) k=|.,,, (), we set

d(z)lge,re] = b.

The societies P; x in P were constructed so that if ¢’ > ¢, then the assignments
given by P, (2) k= lo, (=) 3T€ CONSistent with those from P; , (@).K=|,,, (z) 5O the map
¢ is well-defined. As t — o0, ¢t > —o00 and r; — oo almost surely, and so ¢(x)
has all of its coordinates defined in this way.

Clearly, ¢ is measurable, monotone, finitary, and commutes with the shift
map T (and T~!). We will be done once we show that

(15) ppu=v.

It suffices to show the same equality holds on the fibers X (z): to prove (15), we
just have to show that

¢|X(z)us(x),xz = Vs(z),K= for p-almost every x.

Consider the construction of ¢ at any stage t. Let ¢; be the partial map taking
g € F(se(z),K2|5,(z)) to its image ¢1(g) = b € F(s:(z),K"|s,(z)) when the

image is defined. Let Ay, () ke be a coupling which respects the society

s¢(z)

Pst(x),K%t(w). If g € ¢t‘1(b), then g € Pst(z),Kmlst(m)(b) and is in no other

Py, () (t'), 50 Ag, () k2|, (,, Must couple g only to b. Therefore

Vst(:c),Kﬂst(z)(b) 2 )‘st(x),KI|St(I) ((¢t_lb) X b) 2 #’S:(Z),Kml“(z)(¢t_1b)7
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s0 at each stage ¢,
Dilhs, () K=o, ) S Vsr(2), K|y (a)

This implies that for almost every x,

Bl x (2)Bs(z) K> < Vs(z)Ke = | x(z)ls(z), K> = Vs(z),K>

since ¢|x (z)Ms(z), K> and vy(g) k= are probability measures whenever (14) holds.
This proves (15). ]

We conclude this section with some remarks about the two-symbol assumption
for ¢. The marriage lemma of Keane and Smorodinsky as stated here (Lemma,
6.1) states that for any society and any collection of boys U’, there is a refinement
of the society such that fewer than |U’| girls know more than one boy in U’. For
each pair (s, K), we constructed a society @, k) and two sets of boys U C U’
such that

o All but a set of measure ¢ of the boys are in U for large skeletons. These
are the good boys.
o [U'| < #(good girls) for large skeletons.
o If a girl g knows a boy b € U under @, k, then she knows only boys
from U’ under Q,x (ie. Q;x(9) NU # 0 = Qik(g) C U’ where
sx(9) ={b:g€Qsx(d)}).
The other details of the construction are non-essential. If we could construct
such societies for ¢ with more than two symbols, then we could remove the
two-symbol assumption from Theorem 1.2.

It is, however, not clear how to obtain a similar triple (Q; x, U, U’) when ¢ is
supported on more than two symbols. The structure analogous to the sets L,
are simplices which partition the elements of F(s) and F(s) according to how
many of each symbol they have. It is not clear how to construct the analog of
v* for these simplices, which would couple them monotonically according to the
natural partial order and allow us to define sets U and U’ with the properties
listed above. When ¢ has more than two symbols, the set of atypical fillers for
¢ (H in our construction) becomes more spread around in their simplex as well;
it is no longer just the set of fillers with an atypical number of 1’s. These are
the main obstructions to completing this proof for general probability vectors
q.
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8. Codes for large enough entropy gaps

In this section, we show that for any ¢, if p » ¢ and h(p) is large enough,
then there is a monotone factor from B(p) to B{g). By requiring that p has
sufficiently large entropy, we are able to simplify the proof used for Theorem
1.2 considerably and drop the two-symbol assumption. Let d; be the number
of ¢ for which ¢; # 0.

THEOREM 8.1: If p %> q and h(p) > logd,, then there is a monotone factor
¢: B(p) = B(qg).

In particular, this implies Theorem 1.3, since if ¢ puts probability 1/n on each
of n symbols, then h(g) = logd,.

Because the proof of this theorem is just a very simplified version of the proof
of Theorem 1.2, we only outline the proof. One reason that this proof is simpler
is that we may use =, the natural monotone coupling of B{p) and B(q) in place
of ~.

Fix € > 0 to be chosen later. Let s be a skeleton of total length [ and let [ be
the length of s without its markers. Define p;(-) := p(- | F(s)). We say that s
is good if | > (1 — €)] and that g € F(s) is good if

palg) < 2P0,

LeMMA 8.2: For any ¢ > 0 and k sufficiently large, the following holds: for
almost all x € X, s4(s) is a good skeleton and z, () is a good girl in F(ss(x))
for all t sufficiently large.

Proof: By definition, I — I = k - #(markers in s). For k large, it is a rare
event to lie in a marker, so we can take k large enough that the proportion of
coordinates of x|y, () in markers is less than e for all ¢ large enough. For all such
t, s:(x) is good.

The fact that z, () is a good girl for all ¢ large enough follows directly from
Lemma 5 in [2]. |

Since ¢ has dg symbols,
#(F(s) < 20089

It is this fact which will make this argument easier than the proof of Theorem
1.2. Tt eliminates the need to have good and bad fillers in F(s) — all of them
are good. Let v (+) := 7(F(s) x - | F(s) x F(s)).
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LEMMA 8.3: For e sufficiently small and k sufficiently large, if s is a good
skeleton of total length [ and if Q, is a society from (F(s),us) to (F(s),vs),
then there exists a society P; C Q) such that

us{g € F(s) : g belongs to more than one Ps(b)}
< 9~ ((h—logdy)/2)l 4 us{g € F : g is bad}.

Proof: We will use the Marriage Lemma 6.1 with (U, p) = (F(s),vs) and
(V,o) = (F(s), us), which implies that there is a refinement P; of Qs with
(Py) < 200841,

Now, if g is good then p,(g) < 2~ (P9l 50 the measure of all good g which
are in P, for more than one F is at most

9—(h=e)lg(log dq)] < o~ ((h(p)—tog dq)/2)1

when € is chosen small enough. Adding in the measure of those g which are not
good, we get the desired estimate. |

For any skeleton s, let ), = S; be the independent monotone society from
(F(s),vs) to (F(s),us). For each skeleton s of order 1, let P, be any minimal
society refining )s. Once all Ps have been defined for s of order less than n, for
s of order n let P; be a minimal society refining P, x --- X Ps,, where s1,...,$;
are the maximal subskeletons of s.

Define ¢ in the same way as in the proof of Theorem 1.2 and the proof proceeds
in exactly the same way from this point to show that ¢: B(p) — B(q).
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